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Ab initio Wannier-funtion-based many-body approah to Born harge of rystalline
insulators
Priya Sony and Alok Shukla
Physis Department, Indian Institute of Tehnology, Powai, Mumbai 400076, INDIA
In this paper we present an approah aimed at performing many-body alulations of Born-
eetive harges of rystalline insulators, by inluding the eletron-orrelation eets. The sheme
is implemented entirely in the real spae, using Wannier-funtions as single-partile orbitals. Corre-
lation eets are omputed by inluding virtual exitations from the Hartree-Fok mean eld, and
the exitations are organized as per a Bethe-Goldstone-like many-body hierarhy. The results of
our alulations suggest that the approah presented here is promising.
PACS numbers: 77.22.-d, 71.10.-w, 71.15.-m
The Born eetive harge (BEC) of a periodi solid is an important phenomenologial quantity whih onnets the
eletroni struture of the system to its phononi properties.
1
Of late, in the ontext of ferroeletri materials and their
phase transitions, BEC has generated tremendous amount of interest.
2
Using BEC, one an also desribe the lattie
dynamis, and its oupling to infrared radiation, in a simple intuitive manner.
3
Most of the modern alulations
of BECs are based upon the Berry-phase-based theory of marosopi polarization developed by King-Smith and
Vanderbilt.
4
The aforesaid formalism is based upon single-partile orbitals, and therefore, an be implemented in a
straight-forwardmanner within ab initio density-funtional theory (DFT),
2,3
or the Hartree-Fok (HF) framework.
5
As
far as many-body alulations of polarization properties are onerned, Martin and oworkers have proposed several
approahes whih, to the best of our knowledge, have not been implemented within an ab initio methodology.
6,7
Filippetti and Spaldin have reently implemented an ab initio method aimed at inluding orrelation eets by using
a self-interation-orreted (SIC) density-funtional approah
8
.
Reently, we have developed a wave-funtion-based ab initio methodology aimed at performing eletroni struture
alulations on rystalline insulators.
9,10,11,12
The approah uses Wannier-funtions as single partile orbitals obtained
at the Hartree-Fok level, whih an subsequently be used to inlude the eletron orrelation eets, if needed. The
approah has been applied to alulate ground state geometries, ohesive energies, and elasti properties of rystalline
insulators at the Hartree-Fok level,
9,10
as well as at the orrelated level.
11,12
Moreover, within the Berry-phase
formalism of King-Smith and Vanderbilt,
4
we have also used our approah to ompute the BECs of several ioni
insulators at the HF level.
13
The purpose behind the present work is to use our Wannier-funtion-based methodology
to perform orrelated alulations of the BEC's of insulators. Sine, ours is a real-spae approah, we start with the
following expression for the eletroni ontribution to the polarization per unit ell (Pe) valid for insulators
14
P
(λ)
e =
qe
NΩ
〈Ψ(λ)0 |Re|Ψ(λ)0 〉, (1)
where λ is a parameter governing the state of rystal (for the present ase, it represents atomi displaements), Ω
is the volume of the unit ell, qe is the eletroni harge, N (→ ∞), represents the total number of unit ells in the
rystal, Re =
∑Ne
k=1 rk is the many-partile position operator for the Ne eletrons of the rystal, and |Ψ(λ)0 〉 represents
the orrelated ground-state wave-funtion of the innite solid. Next we verify that for an innite rystal, Eq. (1)
above is onsistent with the Berry-phase-based expression for the BEC's derived by King-Smith and Vanderbilt
4
at the mean-eld level. If we express the mean-eld (HF or otherwise) ground-state many-partile wave funtion
|Φ(λ)0 〉of a rystal in terms of Wannier funtions expressed in terms of square-integrable oupied Wannier funtions
{Wn(r−Ri), i = 1, . . . , N, n = 1, . . . ,M} loated in the N unit ells onstituting the solid,10 then using the Slater-
Condon rules governing the matrix elements of a one-body operator between two many-partile states,
15
we obtain
〈Φ(λ)0 |Re|Φ(λ)0 〉 = N
M∑
n=1
fn
∫
r|Wn(r)|2dr+ ne(
N∑
i=1
Ri), (2)
where {Ri, i = 1, . . . , N} are the lattie vetors of N unit ells of the rystal, Wn(r) is the n-th Wannier funtion of
the unit ell, fn is the number of eletrons in the n-th Wannier funtion (fn = 2, for band insulators), M is the total
number of oupied Wannier funtions per unit ell, and ne =
∑M
n=1 fn is the total number of eletrons per unit ell.
However, if the N unit ells are distributed among omplete shells (stars), then
∑N
i=1Ri = 0. Combining this result
with Eqs. (2) and (1), we obtain the mean-eld expression (P
(λ)
0 ) for the polarization per ell for a rystal
2P
(λ)
0 = qe/Ω
M∑
n=1
fn
∫
r|W (λ)n (r)|2dr. (3)
This equation is nothing but the Wannier-funtion version of the Berry-phase-based (mean-eld) expression for maro-
sopi polarization derived by King-Smith and Vanderbilt,
4
who gave it an intuitive interpretation as being a sum
over enters of Wannier funtions of the unit ell. Note that expressions above are valid only in a real-spae based
approah where square-integrable Wannier funtions are used as single-partile orbitals. If one were to use Bloh or-
bitals instead, the expetation value of position operator will have to be omputed dierently.
16
Having demonstrated
the equivalene of our starting expression (Eq. (1)) to the traditional theories at the mean-eld level, we next examine
its impliations when a many-body expression for the ground state wave funtion |Ψ(λ)0 〉, expressed in terms of virtual
exitations from the mean-eld wave-funtion, is used
15
|Ψ(λ)0 〉 = C(λ)(0) |Φ
(λ)
0 〉+
∑
n,α,i,j
C(λ)n;α|Φ(λ)0 (n→ α〉+
∑
m,n,α,β
C
(λ)
m,n;α,β |Φ(λ)0 (n→ α;m→ β)〉+ · · · , (4)
where the Greek indies α, β, . . . represent the virtual Wannier funtions while the Latin indies m,n, . . . represent
the oupied ones. |Φ(λ)0 (n → α)〉 denotes a singly-exited onguration obtained by promoting one eletron from
the oupied Wannier funtion labeled n, to the virtual Wannier funtion labeled α. Similarly, |Φ(λ)0 (n → α;m →
β)〉 represents a doubly-exited onguration with eletrons being promoted from Wannier funtions m,n to α, β.
Noteworthy point is that the oupied (m,n, . . .) and the virtual Wannier funtions (α, β, . . .) ould be loated in any
of the unit ells of the innite solid. The oeients {C(λ)0 , C(λ)n;α, C(λ)m,n;α,β , . . .} an, in priniple, be obtained using
various available many-body tehniques suh as the ongurations-interation (CI) method, perturbation theory, et.
Next, we examine, the nature of ontributions to the polarization vetor P
(λ)
arising from virtual exitations when
a orrelated wave funtion (|Ψ(λ)0 〉) of the type of Eq. (4) is used in Eq. (1). In order to simplify things, we restrit
our disussion to the ontribution of the singly-exited ongurations |Φ(λ)0 (n → α)〉, although in our alulations
all possible exitations needed to ompute both one- and two-body inrements have been onsidered (see disussion
below). Thus, the expetation value of the dipole operator for a singly exited many-body wave funtion (assuming
that |Ψ(λ)0 〉 is real) is
〈Ψ(λ)0 |Re|Ψ(λ)0 〉 = NC(λ)20 〈r〉(λ)0 +
2
√
2N
∑
n,α
C(λ)n;αC
(λ)
0 〈α|r|n(o)〉(λ) + · · · , (5)
where 〈r〉(λ)0 =
∑M
n=1
∫
r|Wn(r)|2dr (the HF expetation value per unit ell), and, using the translational symmetry,
the sum over oupied Wannier funtions has been restrited to those in referene unit ell, denoted as |n(o)〉, while the
virtual Wannier funtion |α〉 an be in any unit ell of the solid. It is lear from Eq. (5) that: (a) the expetation value
of the dipole operator of the entire solid 〈Ψ(λ)0 |Re|Ψ(λ)0 〉 sales linearly with N as it should, and (b) the orrelation
orretions to the dipole moment/ell suh as the seond term of Eq. (5), an be seen as due to the interations
between the eletrons of the referene unit ell with those in the rest of the solid. Although, Eq. (5) has been derived
for orrelated wave funtions ontaining only singly-exited ongurations, however, it is easy to verify that even for
more omplex wave funtions, only two other types of matrix elements, viz., 〈α|r|β(o)〉 and 〈m|r|n(o)〉 ontribute to
the orrelated expetation value. These matrix elements originate from interation among dierent types of exited
ongurations. Beause of the loalized nature of the orbitals used, the dipole matrix elements will fall to zero rapidly
with the inreasing distane between the orbitals involved. For example, for a typial insulating solid, the dipole
matrix elements are negligible when the orbitals involved are farther than third-nearest neighbors.
Calulation of the orrelated many-body wave funtion (Eq.(4)) of an innite solid is an extremely diult task,
thereby rendering the diret use of Eq. (1) even more umbersome. However, Stoll
17
proposed the use of an in-
remental method of alulating orrelated total energy (and wave funtion) of extended systems based upon a
Bethe-Goldstone like expansion of orrelation ontributions. The approah was subsequently implemented by us to
the ase of innite systems, and utilized to ompute the total energy/ell and related quantities of bulk LiH,
11
and
several polymers.
12
In the approah, the total energy/ell is written as Ecell = EHF + Ecorr, where EHF is the HF
3energy/ell of the system, and Ecorr is the ontribution of orrelation eets to the total energy/ell, omputed as
Ecorr =
∑
i
ǫi +
1
2!
∑
i6=j
∆ǫij +
1
3!
∑
i6=j 6=k
∆ǫijk + · · · (6)
where ǫi, ∆ǫij , ∆ǫijk, . . . et. are respetively the one-, two- and three-body, . . . orrelation inrements obtained by
onsidering simultaneous virtual exitations from one, two, or three oupied Wannier funtions, and i, j, k, . . . label
the Wannier funtions involved.
11
However, using the inrementally omputed many-partile wave funtion to ompute
the expetation value in Eq. (1) is a tedious task whih we avoid by using generalized Hellman-Feynman theorem, and
the nite-eld approah to ompute dipole expetation values.
15
Aordingly, we perform the inremental alulations
of energy/ell with the modied Hamiltonian
H ′(E , λ) = H0(λ) − qeE ·
Ne∑
k=1
rk, (7)
where H0(λ) is the usual Born-Oppenheimer Hamiltonian for the solid with the given value of λ, and E is a user
speied external eletri eld.
20
From E
(λ)
cell(E) so omputed, one an easily obtain
qe〈Ψ(λ)0 |rj |Ψ(λ)0 〉
N
= −∂E
(λ)
cell(E)
∂Ej , (8)
where j represents the Cartesian spatial omponent (j = 1, 2, 3). The partial derivatives in Eq. (8), were omputed
numerially by performing the alulation of E
(λ)
cell(E) for several small values of eletri eld E . The Wannier funtions
used in the present work were obtained by solving HF equations in the presene of an eletri eld, and thus are dierent
from the ones used in our earlier works.
9,10
Next we present and disuss our results for the ases of bulk LiH and LiF. In the present study also we have used
the lobe-type ontrated Gaussian basis funtions used in our earlier works.
9,10,11,12,13
Unit ell Wannier funtions
for both the materials were desribed using basis funtions entered in ells as far as the third-nearest neighbors of
the referene ell.
9,10
For LiH we performed the alulations using the optimized lattie onstant 4.067 Å obtained
in our earlier orrelated alulation,
11
whih is in exellent agreement with the experimental value of 4.06 Å. For LiF
we used the experimental lattie onstant of 3.99 Å. For both the systems, f geometry was assumed, and anion
and ation loations in the primitive ell were taken to be (0, 0, 0) and (a/2, 0, 0), respetively, where a is the lattie
onstant. For LiH, in orrelated alulations 1s Wannier funtion loalized on Li as was treated as ore and was
held frozen, while for LiF, Wannier funtions orresponding to 1s orbitals of both Li and F were frozen during the
orrelated alulations. For omputing BEC's, the parameter λ orresponds to atomi displaements ∆u whih was
taken to be 0.01a (a is the lattie onstant) in the x diretion for the anion. The BEC tensor for ubi materials is
diagonal and for the i-th atom of the ell it has only one unique omponent say Z∗(i). It was omputed using the
formula Z∗(i) = Zi + (Ω/e)
∆P
∆u , where Zi is the nulear harge of the displaed atom, e = |qe|, and ∆P is the hange
in the unit ell polarization due to the atomi displaement ∆u. For Hellman-Feynman alulations of the dipole
expetation value, we used the entral dierene formula, with the values for the external eletri eld E = ±0.001
a.u. in the x diretion.
First we verify whether the BEC's omputed using the Wannier-funtion enters (Eq. (3)) agree with those omputed
using the Hellman-Feynman theorem (Eq. (8)), at the HF level. Good agreement between the two alulations at
the HF level will be a vindiation of our approah, while any serious disagreement between the two results will be
a setbak, and will render further orrelated alulations meaningless. The results from the two alulations are
presented in table I and it is lear that the values obtained by the two methods are in exellent agreement with eah
other. Next we present the results of our orrelated alulations in table II. The table presents the hanges in the
values of BEC's as orrelation eets of inreasing omplexity are inluded using the aforesaid inremental sheme.
The many-body approah used to ompute various orrelation inrements of Eq. (6) was the full-CI method, as in
our earlier works.
11,12
In ase of LiH we have performed orrelated alulation inluding up to third-nearest neighbor
(3NN) two-body orrelation eets,
11
while for the ase of LiF these alulations have been restrited to the nearest
neighbors (NN) two-body inrements. The reason behind restriting the orrelation eets for LiF to NN pairs is
beause the ontributions beyond that (2NN, 3NN, ...) were found to be negligible. This is due to the fat that for
LiH, the hydrogen anion is more diuse as ompared to the uorine anion of LiF. Thus the valene eletrons of LiH
are omparatively more deloalized as ompared to those of LiF, thereby making the orrelation eets relatively
4Table I: Comparison of Hartree-Fok Born harges of Li omputed using the Wannier enter approah (f. Eq. (3)), and via
the use of Hellman-Feynman Theorem (Eq. (8)).
System Born Charge
Wannier-Center Approah Hellman-Feynman Approah
LiH 1.0417 1.0418
LiF 0.9986 0.9983
Table II: Inuene of eletron orrelation eets on the Born harge. Column with heading HF refers to results obtained at the
Hartree-Fok level. Heading one-body refers to results obtained after inluding the orretions due to one-body exitations
from eah Wannier funtion of the unit ell, to the HF value. Two-body (O) implies results inlude additional orretions due
to simultaneous exitations from two distint Wannier funtions loated on the anion in the referene unit ell. Two-body
(NN), two- body (2NN), and two-body (3NN) orrespond to two-body orrelation eets involving 1st, 2nd, and 3rd-nearest
neighboring Wannier funtions, respetively.
System Born Charge
HF one-body two-body (O) two-body (NN) two-body (2NN) two-body (3NN) Exp.
LiH 1.0418 1.0302  1.0193 1.0183 1.0003 0.991
a
LiF 0.9983 0.9913 0.9847 1.0237   1.045
b
a
Brodsky and Burstein
18
b
Computed from the experimental data reported in Ref.
19
.
longer range in LiH. Inspetion of table II reveals that for the ase of LiH, at the HF level the BEC is overestimated,
while for LiF it is underestimated. When the orrelation eets within the referene unit ell are inluded for either
of the systems, the value of the BEC dereases as ompared to its HF value. This redution an be seen as due to the
mixing of the oupied Wannier funtion of anion with the unoupied ones of the nearest-neighbor ation, termed
ion-softening, by Harrison.
21
However, the noteworthy point is that the ion-softening in the present ase is being
driven by the eletron-orrelation eets. As far as the longer range orrelation eets (1NN, 2NN, ...) are onerned,
no lear trends are visible in table II. For LiH we see monotoni derease in the value of BEC with longer range
orrelation eets, while for the ase of LiF the BEC inreases as the nearest-neighbor orrelation eets are inluded.
However, in both the ases, upon trunation of the orrelation series, the values of BEC's obtained are in exellent
agreement with the experimental values. Finally, in order get a feel for the magnitude of orrelation eets with and
without the eletri eld, we present the values of various ontributions to the orrelation energy/ell for the two
systems in table III omputed for the undistorted unit ell (λ = 0). Results of similar alulations performed for the
distorted unit ell are not presented here for the sake of brevity. From the table it is obvious that, as expeted, the
most important orretions to Ecell, due to the eletri eld are at the HF level. The orrelation energies in nonzero
eld are redued by small amounts as ompared to their zero-eld ounterparts. Of ourse, these small hanges in
orrelation energies for the λ = 0 and λ 6= 0 ase in the end lead to the orrelation orretions to the BEC's as
depited in table II.
In onlusion, we have presented an ab initio Wannier-funtion-based many-body approah aimed at omputing
the Born eetive harges of insulators. However, it is lear from the approah that it an also be used to ompute
other properties suh as high-frequeny dieletri onstant, piezoeletri tensor, et. of insulators. Work along these
lines is presently under way in our group, and the results will be presented in future publiations.
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